), but in two dimensions the degeneracy is subject to topological constraints [C] , [Be] , [HON] .
Another celebrated example is the square of the Dirac operator (Pauli operator) on a Spin'-bundle, where the index theorem may give a constraint on the ground state multiplicity. In two dimensions, in particular, the multiplicity of the zero eigenvalue is at least the total curvature of the connection, or, with physics terminology, the total flux of the magnetic field, 4l : = 2~ fM B (Aharonov-Casher theorem, see [AC] , ~ES~). Note (Theorem 2.2) . This answers to a question posed in [CdVT] . A similar question for graphs [CdV97] raises the conjecture that the constant in this estimate should be universal. Our proof only yields a constant that depends on the geometry of M, since along the proof we use the bound on the lowest eigenvalue whose constant is geometrical.
However, our estimate depends on the curvature of the bundle in an optimal way. Let M = ,S'2 for definiteness, however similar constructions work for other manifolds as well. The Riemann-Roch theorem easily gives that the ground state is (~ + I)-fold degenerate for a constant field B on the nontrivial line bundle with Chern number (D = 2~ fM B. It has been shown in [CdVT] that if an additive scalar potential is also allowed, then arbitrarily high multiplicity of the ground state is possible even on the trivial bundle. A recent example in [BCC] has answered affirmatively to a question of [CdVT] as to whether an arbitrary degeneracy is possible on the trivial bundle without scalar potential. In this construction, however, the Ll-norm of the magnetic field was at least an exponential function of the multiplicity.
We present a different construction (Section 6.3) with a magnetic field whose L'-norm is comparable to the ground state multiplicity. This example shows that the bound JM B ) on the multiplicity is optimal, modulo geometric constants. In fact the proof works for any fixed multiplicity pattern of a finite part of the low lying spectrum.
This result is in strong contrast to the case of the Pauli operator on ,S'2 whose ground state multiplicity is given by the modulus of the Chern number, unless this number is zero [ES] . From the physical side, this is another manifestation that inclusion of the spin substantially changes the spectral properties of the corresponding free kinetic energy operator (Schrodinger vs. Pauli).
We emphasize that we use only the L'-norm of the magnetic field B in our estimates (see Remark 3. after Theorem 2.2). Similar results involving other LP-norms (p &#x3E; 1) are much easier to prove (for example an L2-bound is given in [BCC] ), but such bounds have no apparent topological flavor.
Note that, for example, if B has a definite sign, then where n is the Chern number of the bundle.
Statement of the results.
Let (M, g) [BCC] but the constructed magnetic field did not satisfy any effective bound in terms of the multiplicities. The control (2.7) is important since it shows the optimality of the bound (2.6). We recall that the construction of [BCC] uses the fact that a strong magnetic field acts like a strong effective potential barrier (see also [HH] 3. Proof of part (i) of Theorem 2.1.
We construct an appropriate trial section to bound the lowest eigenvalue. We will not keep track of the exact dependence of the constant K* on cl , c2, but the fact that K* -0 as C1 ~ 0, c2 ---7 oo can be easily seen from the proof.
The core of the proof is a local argument (Section 3.1), the trial section will be supported on a small geodesic disc and local geometry does not play much role. A covering argument will complete the proof (Section 3.2).
We first give an intuitive outline of the local argument. For [St] ). In a similar two dimensional magnetic context it has been exploited in [EV] . Proof. Parts (i), (ii), (iii) are standard (see e.g. [J] , Section 4.6 and 4.7). To prove the lower bound in (3.38) we extend the integration to D(z, (A + p)R) then we apply part (iii) with h = S2 and use (3.35).
The upper bound follows from log(sz/R) log(p + A) and from (3.36). Proof. Let F :1~ --~ R+ be a function supported on ~0, L~ , joints (see Fig. 1 It is sufficient to show that for some small universal constant 1 &#x3E; q &#x3E; 0 (to be chosen later) we have then (6.9) would follow from (6.11), (6.12) and (6.13). We can assume that and for simplicity we use the notation Let g := f g and 9 = g -g. We will use the method of stable perturbations developed in [CdV86] , [CdV87] , [CdV88] and used in the magnetic example constructed in [CdVT] with a potential. The Step 3. -We show that the lowest eigenvalue E~ of Q~ satisfies Let f ~ be a corresponding eigenfunction. We can assume that Then using (6.44), (6.45) and (6.46), we obtain (6.47).
Step 4. - Co is injective and dim ( U ) ~ dim (H-o) = n ~ 1, which is a contradiction. This proves (6.28). The proof of (6.29) easily follows from (6.50).
Finally, we fix 6 9n , let 6' 6 Then = HE,81 by (6.28) and the monotonicity of these subspaces in 6. Therefore using (6.48) for 6' and finally, letting 6' ---7 0 we obtain (6.25). The proof of (6.26) is similar using (6.49) and the monotonicity of PE, 8 in 6. For the proof of (6.27) we need two sided bounds on
The lower bound is given in (6.47). For the upper bound, we use that Q, ---1 n + b'y 2 on ,s, but 7 = ?-l,s for any 6' b,E E(6') and we let 6' ---&#x3E; 0.
The proof of (6.30) is similar by noting that f ) is at least
